
Steady Laminar Round Jets of a Viscous 
Liquid Falling Vertically in the Atmosphere 

The shape of a laminar, liquid jet emerging from a round vertical tube 
into the atmosphere and the total axial force exerted on the liquid 
filament at the tube exit were investigated experimentally over a wide 
range of flow conditions. An integral invariant of the exact solution was 
used to check consistency between the two kinds of data. A new 
equation to predict the jet shape agreed moderately well with the 
present experimental data as well as with various previous results. The 
key idea of the present work is that exact knowledge of the total axial 
force will be very useful to predict reasonably the jet shape at a given 
flow condition by means of a simplified approach or to check theoretical 
or empirical results on free falling jets. 
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Introduction 
The study of vertical liquid jets is of interest in connection 

with spinning and rheological measurement of extension charac- 
teristics. It is also important in curtain coating and film casting 
because certain results for round vertical jets are expected to be 
useful even for plane jets, as was suggested by Clarke (1968) 
and Cruickshank (1984). Steady, laminar, round jets of viscous 
liquids, issuing from a vertical tube nozzle into the air and 
falling freely under gravity, have been investigated by many 
researchers (Trouton, 1906; Duda and Vrentas, 1967; Shirazi, 
1978; Petrie, 1979; Dutta and Ryan, 1982; Joseph et al., 1983; 
Trang and Yeow, 1986; Mendizabal et a]., 1987). Today, proper 
numerical simulations by finite-element methods seem to yield 
moderate predictions of the jet shapes at  arbitrary flow condi- 
tions (Georgiou et al., 1988). 

Existing measured or calculated results of jet shapes are often 
inconvenient to use for engineering purposes because of their 
numerical expressions. It is important for engineering scientists 
to have a simple analytical equation predicting the jet shapes at 
arbitrary flow conditions, when they utilize those results to solve 
more complicated flow problems in industries. The usefulness of 
such an equation has been shown by Adachi et al. (1988) in 
studying the V-shape of a steady, vertical, plane liquid jet with 
the two free side edges. 

In previous investigations of vertical liquid jets is there have 
been many reports for jet shapes but none for forces exerted on 
the liquid filament of a free falling jet. However, it is clear that 

Correspondence concerning this paper should be addressed to K. Adachi. 

not only the jet shape but also the total axial force at a nozzle 
exit is important to understand the fluid mechanics of a vertical 
liquid jet, as the flow pattern and the drag force are both 
important for the fluid mechanics of flow past a submerged 
body. As explained in the next section, the total axial force 
equals exactly the constant value that is taken a t  a given flow 
condition by a certain integral invariant to the exact solution of 
the relevant flow problem. This relation can be used to test the 
validity of measured and calculated results of jet shapes and 
moreover to check consistency between the jet shape and the 
total axial force determined at the same flow condition. 

There are three purposes in the present paper. The first, and 
most important, is to report the data of total axial forces 
measured over a wide range of flow conditions under a signifi- 
cant effect of gravity for free falling jets. Regrettably there is 
nothing available to compare with those data. 

The second purpose is to present the data of jet shapes, which 
were measured in pairs together with total axial forces a t  the 
same flow conditions, that is, which are consistent with those of 
total axial forces. 

The last purpose is to test a simple analytical equation of the 
jet shape in comparison with present experimental data. 

Predictions of the simple equation are compared also with 
computational results of Duda and Vrentas (1967) and Shirazi 
(1978) and experimental results of Trang and Yeow (1986). 
Comparisons with computational results of Dutta and Ryan 
(1982) and Georgiou et al. (1988) are not made. Those of Dutta 
and Ryan are incorrect, as was shown by Adachi and Yoshioka 
(1984). Those of Georgiou et al. (1988) are expected to agree 
with predictions of the relevant equation because those authors 
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have shown a good agreement between their predictions and 
present experimental data in two cases. The equation tested in 
the present paper will be found useful over such a wide range of 
flow conditions that Re < O( lo2), Fr < 0(1), and N, > O( 1). 

The relevant analytical equation of the jet shape is derived 
from a one-dimensional jet flow model on the assumption of flat 
profiles of velocity and pressure over the horizontal cross section. 
The following type of equation has been proposed by several 
researchers: 

jTR l z  = (;r - + %(; P R  - 1) 

where 

6,  = 1 /3 

= 1 

= 16/9 = 0 (Lienhard, 1968) 

= 1 

= 0 (Scriven and Pigford, 1959) 

= 8 (Kurabayashi, 1959) 

= 4 (Anno, 1977) 

However such equations are useless in a range of low Reynolds 
numbers. An equation that is valid over a wide range of 
Reynolds numbers has been derived by Clarke (1968): 

where A, is the Airy function, the prime associated with it 
denotes differentiation with respect to r, k is a constant, and 

U = (u/ i io)  (ReFr/3)‘I3, X = ( z / R )  (ReFr/72)‘f3 (3) 

However this will not be useful for engineering purposes until 
the way in which to specify a reasonable value of the adjustable 
parameter k for an arbitrary flow condition is given. A new 
equation, which is proposed here to test, is produced by a simple 
addition of two terms valid a t  low and high Reynolds numbers: 

Here the two adjustable parameter ai and 6, are constants whose 
values are given in the appendix. 

Theoretical Background 
Macroscopic momentum balance 

For a steadily falling round jet, as seen in Figure 1, the 
macroscopic balance equation of axial momentum can be 
expressed as 

where 

F ( z )  = 2sa~/(f + U 2 ) ’ / *  

+ 2lr x” ( T ~ ~  - p + p .  - pu’) rdr (6) 

F 
I 

Figure 1. Force balance for a suspending jet filament. 

W ( z )  = lrpg 1 a’ dz ( 7 )  

The term F,, which is defined by F(O), is the total axial force 
exerted on the upper end of the suspending filament of an 
imaginarily semiinfinite length, F ( z )  is the total axial force 
acting on the filament a t  the position of interest z, and W ( z )  is 
the weight of the suspending filament from its upper end 
( z  = 0) to z.  Equation 5 expresses the balance of these three 
forces, and it indicates that both F(z)  and W ( z )  vary with z, but 
their sum, F ( z )  + W ( z ) ,  is an integral invariant that is kept 
constant along the vertical axis of z ,  as pointed out by Joseph 
(1980). Moreover, Eq. 5 requires that the constant value be 
equal to F,. These two points can be used to test the appropriate- 
ness of a jet shape function u(z ) .  Equation 6 represents that the 
total axial force consists of the following four forces: surface 
tension, viscous drag, static pressure, and inertia force. 

For a Newtonian fluid the viscous drag term vanishes a t  the 
plane of the nozzle exit, so that Fo is given by 

Fo F(0) = 27rRu/(l + U ; ) l / ’  

When the jet shape function becomes known by experiments, 
W ( z )  can be estimated through Eq. 7 ,  but F ( z )  cannot be 
estimated through Eq. 6 because the integrant is still unknown. 
Far downstream from the nozzle exit, it can be assumed that the 
profiles of axial velocity and static pressure are flat over the 
horizontal cross section of a vertical jet, and that 1 u I << 1. Then 
the following approximate equation can be derived in a way 
similar to that in the case of a vertical plane jet (Adachi, 1987): 

F(z )  * l r a ~  + l r ~ ’  (3/.tdii/dz - pii’)  (9) 

Experimental Method 
Only the steady vertical jet without air drag was investigated. 

The main part of the jet was neither so thin nor of such high 
velocity that air drag became significant. The main part was not 
influenced by the oscillation of the jet tail because the tail was 

AIChE Journal May 1990 Vol. 36, No. 5 739 



much thinner than the main part. Thus the measured force F, 
did not change even if the vertical jet flow was interrupted by a 
horizontal plate a t  a distance far downstream from the nozzle 
exit. 

The central part of the present work was to measure the jet 
radius a(z)  and the total axial force F, as accurately as possible. 
Jet radius data obtained from photographs are usually of much 
lower accuracy than axial force data measured directly with an 
electric weighing device. Over the total force range measured, 
-0.5 to +0.3 g, the weighing device used had an accuracy of 
- 20.003 g. Several attempts were made to ensure more reliable 
data on the jet shape than previously available. 

The tube nozzles used were of 7.56,8.10, and 17.1 mm ID and 
much larger than ordinary nozzles. Each nozzle was cut off 
sharply and conically a t  the exit end, as shown in Figure 1, in 
order to prevent the liquid from attaching to the horizontal end 
plane facing downward that would have existed if it had not 
been cut off. Thus the fluid extruded from a vertical nozzle was 
observed to separate from the solid wall a t  the position of z = 0 
and r = R over the whole flow range of the present experiments. 
The consistency between the data on a ( z )  and the data on F, was 
checked, and only those data of a ( z )  that satisfied the macro- 
scopic momentum equation, Eq. 5 ,  are reported here. This is a 
very important and rigorous check on the reliability of any jet 
shape whether it be empirical or theoretical. Unfortunately, 
many data on jet shapes previously reported do not satisfy the 
requirement of the integral invariant even far downstream from 
the nozzle exit. 

The main part of the apparatus is similar to the conventional 
one used in the study of spinning (Weinberger and Goddard, 
1974); it is shown in Figure 2. The liquid was supplied from a 
head tank to the tube nozzle to make a vertical jet through a long 
fixed tube. The flow rate was controlled with a valve attached to 
the tank bottom. The apparatus was installed at  a position high 
enough that a series of photographs could be taken along a 
vertical jet of about 80 cm length. A damper to prevent vibration 
was attached to the device for force measurement. The vertical 

feed from a head t a n k  

a 

c support plate 

p s i  t ion t ransdu cer 

d torsion bar 
e glass tube 
f tube nozzle 
g tixed tube 
h flexible tube 

4 

Figure 2. Force measuring device and vertical tube noz- 
zle for a jet. 

nozzle mainly used was a stainless steel tube of 7.65 mm dia., 10 
cm long. The volumetric flow rate, the total axial force at  a 
nozzle exit, and the jet shape were determined by experiments. 
The liquids used were glycerol-water solutions (GW), castor oils 
(CO), silicone oils (SO), and poly(oxyethy1ene . oxypropylene) 
glycol (PG). Their viscosity ranged from 5.58 x to 77.8 
Pa s, and their surface tension changed between 0.022 and 
0.068 N/m. 

The consistency between the two kinds of experimental data 
on the axial force and the jet shape was checked by using the 
macroscopic momentum equation, Eq. 5, with Eqs. 8 and 9. 
Figure 3 shows the variations of the following three terms: 

I = F / u R 2 p i i i  

11 = W / r R 2  pii’, 

I + 11 (10) 

The data were obtained from jet 3 with the flow conditions in 
Table 1. As z increases, the weight of the liquid filament Walso 
increases, but the axial force F acting at  the position z decreases 
due to the negative term of -pZ2 in Eq. 9. Both variations on the 
righthand side of Eq. 5 cancel and their sum is kept constant 
along the z axis according to the requirement of the integral 
invariant. Moreover, the constant value calculated from the jet 
shape function a(z)  is almost equal to the measured value of F, 
(= - 0.94) according to the macroscopic momentum equation, 
Eq. 5. 

Results 
F, and a, 

As seen in Eq. 8, the total axial force exerted at  the tube exit 
on a jet filament consists of the three terms of surface tension, 
force of inertia, and pressure. At a low flow rate the inertia term, 
pi i i ,  is negligible and the jet filament is supported by the surface 
tension and the suction pressure, as in the case of a stationary 
drop. This negative pressure, (p,, - p a ) ,  must increase linearly 
with increasing &/d, since the weight of the suspending jet 
filament increases owing to the viscous drag while the surface 
tension in the axial direction will change only a little. Such a 

I I I I 

I I 

0 50 100 150 
Z I R  I - 1 

Figure3. Estimation of exit axial force as an integral 
invariant from jet 3, Table 1. 
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1-4 

- 
I 1.0 

N O  
I3 
c 

CI 
. 
N 

5 0.6 
e 

0.21 
1 oo 1 0' 1 o2 1 o3 

Re[--] 

Figure 5. Effect of gravity on jet thrust. 

defined by Eq. A4 is often used in place of the exit axial force F,. 
Substituting Eq. A4 into Eq. 8, we obtain 

To=2aR~/d-  - Fo 

physical situation is Seen in Figure 
tangential to the experimental 
This straight line is expressed by 

as a straight solid line 
of Fo at low flow rates. 

where uo and F, are determined by the present experiments. The 
results of To are shown in Figure 5. The solid line is the same one 
as given in Figure 12 for the case of neither gravity nor surface 
tension. The present experimental data show that the gravita- 
tional force produces a decrease in the jet thrust because the 
negative exit pressure caused by the hanging effect of a jet 

F,,/aR2/(cr/d) = 9.2 Ca + 2.95 ('I) 

It is reasonable that the constant value of 2.95 for Ca - 0 is 
between the value of 3.5 reported by Hozawa et al. (1981) for 
the largest stationary drop hanging from a vertical tube and that 
of 2.6 given by Otake and Fujita (1949) for a drop falling in a 
quasistatic state. At a higher flow rate the effect of inertia 
becomes more important, and the experimental curves of Fo 
start to deviate from the straight line of the viscous-gravity jet 
for which the gravitational force balances the viscous drag. As 
the flow rate increases, the increasing rate of F, owing to viscous 
drag is suppressed gradually by the effect of inertia, as antici- 
pated from Eq. 8. Fo reaches a maximum value, and then it 
begins to decrease. As the flow rate increases much more, F,, 
changes its sign. This negative force is known as the jet thrust. 
As the Galileo number Ga decreases, experimental curves start 
to deviate and fall a t  a higher capillary number Ca; however, 
they do not seem to rise up to the straight line in a region of Ca > 
0.4 however low Ga may be. 

For an inertia-gravity jet, the inertia force balances the 
gravitational force and we can expect that Foa - pUi, although 
the effect of surface tension is not negligible a t  a low flow rate. 
The experimental data of F, for Ga > lo4 were almost 
represented by a single line of 

_ -  1.31 Fr + 0.370 (12) 
FO -- - 

a R 2pgd 

although such a figure is not presented here. The slope corre- 
sponds reasonably to -4/3, the value obtained from Harmon's 
(1955) prediction, and the constant value of 0.370 extrapolated 
to the zero flow rate is mainly due to the surface tension. 

When the flow is dominated by the inertia, the jet thrust To 

filament becomes significant with an increasing effect of gravity. 
However, as the flow rate increases, the effect of inertia becomes 
more significant and all the experimental curves approach the 
solid line. 

The initial slope of shape curve u(0) is indispensable for 
estimation of the surface tension term in Eq. 13 and also useful 
as one of the boundary conditions to an ordinary differential 
equation for the one-dimensional model of a free falling jet. The 
experimental data are shown in Figure 6.  Each curve represents 
the data for a liquid and a tube nozzle. The computational 
results of Omodei (1980) for a gravity-free case are also given in 
the figure. As the flow rates increase, the experimental curves 
seem to approach asymptotically the curves of the gravity-free 
case. As the flow rates decrease, the curves become almost 
parallel lines with the same constant slope. 

1 o - ~  10" I 0" 1 16' 1 o0 10' 1 O* 
R e [ - I  

Figure 6. Experimental data of a(0) for vertical jets. 
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Table 1. Flow Conditions and Axial Forces for Jets Presented in Figure 7 

Jet 
No. Re Fr We 

1 
2 
3 
4 

5 
6 
7 
8 

10 
12 
13 
14 

15 
16 
19 
22 

24 
25a 
26b 
27 

2gb 
30" 
32' 
34' 

35a 
36' 

4.97 x lo2 
3.96 x 10' 
1.17 x lo2 
5.52 x 10' 

4.67 x 10' 
3.70 x 10' 
1.68 x 10' 
6.27 x 10' 

8.97 x 10' 
3.98 x 10' 
2.27 x 10' 
9.58 x lo- '  

4.12 x lo- '  
1.45 x lo - '  
7.97 x 
7.39 x 

6.50 x 
4.39 x lo-' 
6.33 10-3 

2.08 x lo-)  
9.57 1 0 - ~  
6.98 

7.73 x 
3.75 1 0 . ~  

4.05 x 10.' 

4.72 x 10 

1.57 x 10' 
9.92 x 10.' 
1.00 x 10' 
1.67 x 10' 

1.19 x 10' 
8.43 x lo- '  
6.16 x lo- '  
3.29 x lo- '  

1.75 x lo- '  
1.58 x lo-'  
4.98 x lo-'  
3.87 x lo-' 

7.18 10-1 
4.46 x lo-' 
2.57 x 1 0 - ~  
1.91 10-3 

8.72 
5.29 1 0 - ~  
3.76 x 1 0 - ~  
5.74 1 0 - ~  

8.92 1 0 - ~  
4.75 1 0 - ~  

1.19 x 1 0 - ~  

2.09 x 
1.19 x 

1.64 x lo-' 

1.56 x 10' 
9.88 x 10" 
1.01 x 10' 
1.90 x 10' 

1.36 x 10' 
8.18 x 10' 
6.39 x 10' 
3.55 x 10' 

1.81 x 10' 
1.67 x 10' 
5.26 x lo- '  
4.12 x 10.' 

7.65 x 
4.82 x 
3.86 x 
2.06 x lo-' 

9.41 x lo-' 
1.13 x lo- '  
2.91 x lo-' 

1.62 x lo- '  
2.98 x lo-* 
1.54 x lo-' 

6.20 10-3 

8.18 10-3 

4.11 x lo-' 
2.06 10-3 

3.16 x 10' 

1.17 x lo2 
3.31 x 10' 

3.92 x 10' 
4.39 x 10' 
2.73 x 10' 
1.91 x 10' 

5.13 x 10' 
2.52 x 10' 
4.56 x 10' 
2.48 x 10' 

5.74 x 10' 
3.25 x 10' 
3.10 x 10' 
3.76 x 10' 

7.45 x 10' 
8.30 x lo - '  
1.68 x 10" 
7.06 x 10' 

2.26 x 10' 
1.75 x 10' 
1.07 x 10' 
1.47 x 10' 

4.71 x 10' 
3.15 x 10' 

3.99 x 10' 

(ReFr) 'I' 

2.79 x 10' 
1.98 x 10' 
1.08 x 10' 
9.61 x 10' 

7.45 x 10' 
5.59 x 10' 
3.22 x 10' 
1.44 x 10' 

1.25 x 10' 
7.93 x lo- '  
3.36 x lo- '  
1.93 x lo- '  

5.44 x 
2.54 x lo-'  
1.43 x 
1.17 x lo-' 

7.53 1 0 . ~  
4.82 x 10-3 
4.87 x 10-3 

3.14 x 

9.23 1 0 - ~  
5.76 x 1 0 - ~  

2.11 1 0 - 4  

4.82 x 

1.57 x lo-' 

3.56 x 

F , I T R ~ ~ ~ ~ ;  

-1.06 
-0.92 
-0.94 
- 1.02 

-0.99 
-0.67 
-0.70 
+0.325 

+1.10 
+2.00 
+9.2 

+1.50 x 10' 

+6.30 x 10' 
+1.17 x 10' 
+1.76 x 10' 
+2.70 x 10' 

+4.75 x 10' 

+7.47 x lo2 

+ 1.67 x 103- 
+3.1 x lo3** 
+4.9 x lo3** 

+7.4 103- 
+ i .3  x 104** 

+5.3 x lo'** 
+5.4 x lo2** 

+8.5 x lo2** 

Liquids* 

GW 0.06 
GW 0.06 
GW 0.2 
GW 0.6 

GW 0.6 
GW 0.6 
GW 1.2 
GW 2.4 

GW 1.2 
GW 3 
G W 3  
GW 6 

G W 6  
GW 12 
CO 13 
GW 16 

GW 12 
SO 300 
PG 800 
GW 16 

PG 800 
SO 300 
PG 800 
PG 800 

SO 300 
PG 800 

*GW, glycerol-water; CO, castor oils; SO, silicone oils; PG, poly(oxyethy1ene oxypropylene) glycol 
**Fo calculated 
a. Nozzle of d = 0.810 cm. I = 0.860 cm 
b. Nozzleof d = 1.71 cm, I = 2.14 cm 
c. Nozzle of d = 0.805 cm, I = 2.08 cm 

a(z) results 
The flow conditions for experimental results of the jet shape 

are given in Table 1. The jet numbers in the first column 
correspond to the order of the shape curves presented in Figure 7 
although some have been omitted in the figure. The order is not 
explained by any single dimensionless number, Re, Fr, or N,, but 
it can almost be correlated by Re - Fr. The importance of this 
parameter is seen also in Eqs. 2 and 3 of Clarke (1968). Shape 
curves for lower speed jets are located on the right side and those 
for higher speed jets are located on the left side in Figure 7. As 
shown, any jet shape curve approaches asymptotically a single 
solid line downstream as the inertia force grows to balance the 
gravitational force. This line is of the inertia-gravity jet ex- 

ZlRlFr C - 1 

Figure 7. Experimental data of a(z) for vertical jets. 
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pressed by the Scriven-Pigford equation, Eq. 2 with 6i = 1. The 
experimental data of jets 1-6 were also represented well by the 
same solid line over the whole jet length corresponding to the 
flow conditions of pgd % pii," >> pii,jd. On the other hand, the 
experimental data of jets 28-36 were represented except a t  the 
tails of falling jets by a single line in the a / R  - f i j z / R  
correlation chart (the chart is not shown here). This line is of the 
viscous-gravity jet described by 

(Ni/24) ' /2zjR = R / a  - 1 (14) 

which is valid for the flow conditions of pgd = kiio/d >> pi& 

Validity of Eq. 4 
For Re = N, = 0(102), experimental data of jet 2 are 

compared with curves 1,4, and 5 in Figure 8, and for Re - N, - 
O( lo), experimental data of jet 5 are compared with curves 1,2, 
and 3. The predictions of Eq. 4 are good in the region of z / R  > 1 
for the first case and in the region of z / R  > 8 for the second case. 
However, the prediction of Scriven and Pigford (!959), curve 1, 
is best in a range of R e  = N, > O(10). Experimental work of 
Kurabayashi (1959) and Mendizabal et al. (1987) also sup- 
ported Eq. ! with 6, = !. Therefore, Eq. 4 will give a better 
prediction if we use 6, = 1 in the relevant range of flow 
conditions. 

Figure 9 shows that the predictions of Eq. 4 with 6, = 0.613 
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Figure 8. Predicted and measured jet shapes for Re > 0 
(10). 
1 Scriven-Pigford 
2 Shrrazi (Re = N, = 50, Fr = 1, We = m) 
3 E q 4 ( R e = 5 0 , F r = I , W e = m )  
4 Duda-Vrentas (Re = Fr = m, N, = 128.6, We = 5.4) 
5 Eq 4 (Re = We = -) 

and 6,. = 1 / 1  13 agree well with the computational results of 
Shirazi (1978) a t  Re = 1. In a wide range of Re = 0(1) - 
O( 10- ’), reasonable agreements between predictions of Eq. 4 
and the present experimental data of jets 12, 15,24, and 30 are 
shown in Figure 10. 

In a range of creeping flow, the validity of Eq. 4 is tested in 
Figure 1 I in comparison with the experimental data of Trang 
and Yeow ( 1  976) for N, = 0.117 and 0.503 as well as with the 
present experimental data of jets 32 and 36 for N, = 1.07 and 
3.1 5. A small disagreement with Trang and Yeow’s data is seen 
in the upper portion of a jet. However, we can eliminate this 
disagreement if we change the value of u,,,/R from 1.13 to a 
measured value, 1.05 or 1.02. Moreover, we would obtain much 
modified agreement over the whole range of jet length if we 
could take account of the effect of inertia a t  the tail of a jet. 

Thus we have found that Eq. 4 is useful over a wide range of 
flow conditions. However, its predictions will be much modified 
if we can take proper values for the two adjustable parameters, 6, 

r-- 1 I I I 

1 .01  

n 0.81 
I 

a 
0.4 o.61 0.2 10’ 

1 oo 10’ lo2 
Z I R  C-I 

Figure 9. Predictions of Eq. 4 and computational results 
of Shirazi (1978) at Re = 1. 

1 .o 

0.8 

I 0.G 
r l  

Y 

0.2 

0.0 ‘ ’ I I I I 

1 oo lo’ 1 o2 1 o3 1 o4 
Z I R I F r  [ - I  

Figure 10. Predicted and measured jet shapes for Re = 0 
(1) - o 

and 6,, by taking account of experimental and computational 
results. 

Conclusions 
The shape function of a laminar, liquid jet emerging from a 

round vertical tube into the atmosphere and the total force 
exerted on the liquid filament a t  the tube exit was investigated 
by experiments: 

1. Experimental data of a(z), h,, and F, have been presented 
for a wide range of flow conditions under a significant effect of 
gravity. 

2. The experimental data of F, and a(z)  for the two extreme 
flow conditions of a viscous-gravity jet and a inertia-gravity jet 
have been expressed by analytical equations. 

3. Equation 4 to predict a(z)  is useful over a wide range of 
flow conditions. 
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Notation 
A, = Airy function 

a, ci = jet radius and da/dz 
a,, amax = maximum jet radius of horizontal, vertical jet 

Bo = bond number, d2pg/u 
Ca = capillary number, @,/u 

Fr = Froude number, iii/dg 
Ga = Galileo number, d’pr2/j? 
g = gravitational acceleration 
k = adjustable parameter, Eq. 2 
I = nozzle length 

d = inner diameter of a nozzle tube, 2R 
F = total axial force exerted on a filament 

N j  = Stokes number, d2gp/iiG 

R = inner radius of nozzle tube 
Re = Reynolds number, di&p/p 

r = radial coordinate 
7‘ = jet thrust 
u = axial velocity component 

W = weight of a suspending filament 

z = axial coordinate 
I, I1 = defined in Eq. 10 

p, p,, = hydrodynamic, ambient pressure 

We = Weber number, diiippla 

Greek letters 
6,. 6,, = adjustable parameters, Eq. 4 

f i  = liquid viscosity 
p = liquid density 
u = liquid surface tension 

T : ~ ,  T ,  = deviatoric axial stress, wall shear stress 

Subscripts 
0 = value at nozzle exit ( z  = 0) 

Superscripts 
- = value averaged over the horizontal cross section 
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Appendix 
Substituting Eqs. 7 and 9 into 5 and differentiating the result 

with z, we have an ordinary differential equation for a one- 
dimensional jet flow model. That equation gives the following 
two limiting solutions: 

For Re 0 

For Re >> 1 

It should be remarked that Eq. A1 is always invalid sufficiently 
far downstream, because even at  a very low Reynolds number 
the inertia force will eventually grow so that it overwhelms the 
viscous force and balances the gravitational force. Thus the tail 
of any vertical jet will be expressed by Eq. A2. 

For a creeping jet, it is not unreasonable to put 6, = 1 in Eq. 
A1 because the velocity profile u(r )  becomes almost flat within 
the distance of one nozzle diameter, 2R, downstream from the 
nozzle exit. When the jet swells, however, 6, = R/a,,, and the 
origin of z is set a t  the position of the maximum jet diameter. 
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The swelling ratio of a vertical jet is still unknown, so that of a 
horizontal jet is used. Thus, 6, = 1 for Re 2 14, and 6, = 6f"for 
Re< 14. 

For an inviscid fluid, the velocity profile a t  the nozzle exit is 
flat, so that 6, = 1 in Eq. A2. For a high-speed jet of a viscous 
liquid, the velocity profile is almost parabolic, and there is a long 
transient zone between the nozzle exit and the zone of flat 
velocity profile. A proper choice of the constant value 6, is 
effective for validity of Eq. A2, especially in this transient zone. 

We use the macroscopic momentum equation to determine a 
proper value for 6,. Substituting u ( z )  derived from Eq. A2 into 
the righthand side of Eq. 5 and estimating the result a t  a 
distance far downstream from the nozzle, we have a constant, 
-6 ]12  for ( F  + W ) / a R 2  pi& Taking into account that the 
inertia force is superior to the surface tension and the gravita- 
tional force at the nozzle exit for a highspeed jet, we obtain from 
Eq. 5 

where To is called jet thrust and defined by 

To = 2a J" (Po  - pa + pU$r dr 

The jet thrust for a high-speed, vertical jet is considered almost 
equal to that for a horizontal jet, so we can evaluate To through 
previous computational and experimental results on jet shapes 
(Middleman and Gavis, 1961; Goren and Wronski, 1966; 
Nickell et al., 1974; Shirazi, 1978; Omodei, 1980). All these 
results of To have been plotted in Figure 12 with experimental 
data of jet thrusts (Davies et al., 1978; Oliver and Ashton, 

n 

I 
U 
N O  
I3 
Q 
\ 
N a 
E 
\ 

1.01 1 0 Oliver & Ashton $- 0 G m  & Wronski 

A H i m i  1 u? 

i v Davies, Hutton 

0 Middlrnan & Gavis 

& Walles 

Q+ 0.783 - m Omodei 1 
". * 

lo0 1 0' 102 103 
Re[-3 

Figure 12 

1979). All the data are almost represented by a single solid 
curve, as shown previously by Davies et al. (1978). This curve is 
expected to approach 413 with increasing Re in accordance with 
Harmon's (1955) prediction and also to go asymptotically to 
0.783 with decreasing Re, in agreement with the accepted value 
of die swell ( a J R  = 1.13). 

As Re decreases, the effects of gravitational force and surface 
tension become significant. Then the value of 6i obtained in the 
above way is inaccurate. In such a case, however, the inaccuracy 
of 6,  in Eq. 4 is veiled to some extent by the existence of the last 
term for a low-speed jet. 
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